We study the topological structure of mixed matter-light particles, so called polaritons, in a quantum spin Hall insulator coupled to photonic cavity modes. We identify a topological invariant in the presence of time reversal symmetry, and find protected helical edge states with energies below the lower polariton branch. Applying a Zeeman field allows us to relate our topological index to a different index defined for an effective pseudospin model for polaritons. A nontrivial phase is characterized by a pseudospin which covers the entire Bloch sphere twice. Both, helical edge states and the topologically nontrivial polariton pseudospin structure can be probed directly by optical techniques.
Recently, topologically nontrivial states of matter with protected edge or surface states have attracted much attention [1] [2] [3] . While the first realizations were found in electronic systems [4] [5] [6] , topologically nontrivial phases of periodically driven systems [7] [8] [9] and photons [10] [11] [12] [13] have been discovered within the last years. In electron systems, the time reversal (TR) operator squares to minus one, T 2 = −1, implying the existence of degenerate Kramers pairs. A topological phase exists when a band inversion occurs, as a function of momentum, between orbital states with different parity, and when these orbital states are coupled by spin-orbit interaction. The Kramers degeneracy guarantees that time-reversed partners cannot be coupled, and that topological edge states are protected. In contrast, in bosonic systems the TR operator obeys T 2 = +1, time reversed partners can be coupled, and a direct analogue of the electronic topological insulator does not exist.
We consider strongly coupled light-matter systems, socalled polaritons, in which the bosonic polariton can inherit its topological properties from the electronic part. Building on such an example, realized by quantum spin Hall electrons [4, 6] coupled to cavity photons, we develop a framework which allows to characterize the topological states of polaritons, and thus answer the question of how to define a topological invariant for bosonic states with T 2 = +1. A polariton consists of an exciton coupled to a cavity photon, such that lower (LP) and upper polariton (UP) dispersion branch are formed [14, 15] . Furthermore, polaritons carry a pseudospin, which is directly related to the polarization of the photonic component [16] . The pseudospin degeneracy can be lifted, for example, by a longitudinal-transverse splitting of the electromagnetic field (TE-TM coupling) [16] or by spin-orbit coupling of the electronic building blocks as discussed below. Then, the splitting of, say, the LP branch can be described by the Hamiltonian . Defining properties of a topologically nontrivial polariton: a) the LP and UP branches (orange lines) are split by spin-orbit coupling, except at TRI momenta (Γ, Q) (thick black dots). For a topological polariton we predict helical edge states (thick purple line) with helical excitons and p-polarized photons. b) with a TR breaking Zeeman field BZ = 0, the polarization vector n of each LP-dispersion branch can be tracked over the whole Brillouin zone. The polariton is topologically nontrivial if n covers the entire Bloch sphere (inset). Here, the north (south) pole (blue (red) color) stands for right (left) circularly polarization, while the x-y plane represents linearly polarized light.
where h( q) is a momentum dependent effective magnetic field coupling both pseudospins. With ǫ LP ( q) we denote the lower polariton dispersion in the absence of the coupling, and σ is the vector of Pauli matrices. The pseudospin polarization of eigenstate |χ 1,2 is given by n 1,2 = χ 1,2 | σ|χ 1,2 = ± h/| h|, and can be measured experimentally. If n points north (south) the emitted light is right (left) polarized, while the x-y plane represents linearly polarized light. It turns out that both for the case of TE-TM coupling [16] and for the case of elec-tronic spin-orbit coupling discussed below, h( q) = 0 for all time reversal invariant (TRI) momenta q ∈ { Γ, Q}, and n stays in the x-y-plane for all values of momentum q. Along any path in momentum space, which encircles the Γ-point, n encircles the equator of the Bloch sphere twice. Since polaritons are bosonic quasi-particles, they obey T 2 = 1, and for a TR invariant Hamiltonian the energy eigenstates are also eigenstates of T = 1 with eigenvalues ±1. In order to compute a topological invariant, we define new basis states |χ ± = (|χ 2 ± |χ 1 )/ √ 2, which obey T |χ ± = |χ ∓ . For |χ ± , we can formally define a Chern number [17] C ± according to Eq. (8), whose value can be inferred by considering how often the vector n ± = χ ± | σ|χ ± covers the unit sphere. We find that n ± computed from the effective model Eq. (1) has zero net coverage of the Bloch sphere, and hence in a TR invariant setting Eq. (1) can only describe trivial polaritons. On the other hand, for nontrivial polaritons consisting of quantum spin Hall electrons coupled to cavity photons we show below that i) n ± ( q) winds around the equator twice for a path in momentum space encircling the Γ-point, and ii) n ± ( Γ) = − n ± ( Q), such that n ± covers the Bloch sphere twice. This behavior implies a nontrivial Chern numbers C ± = ±2, and indicates the existence of polaritonic edge states in an energy range below the LP branch, see Fig. 1a .
However, if TR-symmetry is broken by a small Zeeman field, B Z = 0, our microscopic calculation shows that the effective model Eq. (1) can describe topologically nontrivial polaritons. When B Z = 0, the pseudospin degeneracy at the TRI momenta is lifted, and two completely nondegenerate dispersion relations exist, see Fig. 1b . We can now define a topological index C BZ which counts how many times the polarization vector of each dispersion covers the Bloch sphere, see Fig. 1b . From our microscopic calculation, we find that nontrivial polaritons have a nonzero topological index C BZ , with a value equal to C ± defined in the TR invariant situation. Thus, in a TR broken setup, the experimentally measurable pseudospin polarization n( q) allows to distinguish between topologically trivial and nontrivial polaritons. The fact that topological polaritons can only be identified in the framework of a pseudospin model when TR is slightly broken is somewhat analogous to the 2d surface states of a 3d topological insulator: the characteristic half-integer Hall conductance only emerges when TR is broken at the surface by a Zeeman field. We note that schemes for the realization of nontrivial polaritons with broken TR symmetry were proposed quite recently in Ref. [18] [19] [20] .
Microscopic model -We describe the two-dimensional quantum spin Hall insulator (QSHI) by a TR and inversion symmetric four band model with two orbital states having total angular momentum j = 1/2, 3/2 and magnetic quantum numbers m j = ±j, respectively [21] . The Hamiltonian [6] in the basis {| + 1/2 , | + 3/2 , | − 1/2 ,
with two-dimensional wavevector k and spin-orbit field d.
Because of TR-symmetry we have H
where α = {+, −} labels a pseudospin. In the following we will use the parametrization
and M ∈ R, where v F is the Fermi velocity, a the lattice spacing, and k is measured in a −1 . For M < 0 and B > |M |/2 the normalized spin-orbit fieldd ≡ d/| d| covers the Bloch-sphere and the QSHI is topologically nontrivial [6] .
An electromagnetic field A is coupled minimally to the semi-conductor via p → p + e A with elementary charge e > 0. We work in the Coulomb gauge, linearize the Hamiltonian in A and expand the photon field in plane waves with amplitudes A qσ where q is the photon momentum and σ labels the polarization. We find for the optical transition matrix elements,
where µ, ν label the pseudo spin and band index of the eigenstates of Eq. (2) and the Kronecker delta implements momentum conservation. A short calculation shows that the expectation value describing an electron transition with photon absorption or emission is proportional to the transition dipole moment which can be evaluated by means of the Wigner-Eckart theorem [22] .
Since an optical excitation conserves the electron spin, the transitions take place for electrons with same pseudospin α, only. A particle-hole transformation of Eq. (2) yields the
(the chemical potential is zero). Accounting for the attractive Coulomb interaction of electron and hole the wavefunction of optically active excitons is
where φ C ( k) denotes the Fourier transform of the electron-hole wavefunction with respect to the relative coordinate. Semi-conductors typically have a large dielectric constant, which screens the Coulomb interaction and results in an exciton Bohr radius much larger as the lattice constant. Thus, the binding function φ C ( k) is strongly peaked around k = 0 and |ψ
Such excitons are described by the Hamiltonian
acting on a four dimensional Hilbert space of electronhole pairs. The full TR-symmetric Hamiltonian is block diagonal in pseudospin with relation
* . Diagonalizing Eq. (5) and projecting onto the exciton with eigenstate |b α gives a diagonal Hamiltoninan in pseudospin space, H x = ǫ x 1. Coupling excitons and circularly right (r) and left (l) polarized photons with Hamiltonian H ph = ω q 1 yields polaritons. The cavity photon dispersion is
ph /ω 0 a 2 , photon velocity c ph , and momentum q measured in a −1 . In the basis {|b + , |b − , |a r , |a l } the polariton Hamiltonian takes the form
where the exciton-photon coupling is obtained by Eq. (3),
The prefactor g 0 is proportional to the exciton energy ǫ x ( q) as well as the photon amplitude, and comprises a numerical constant from the transition matrix element Eq. (3). However, for the study of topological properties we can safely neglect the continuous q-dependency and treat g 0 as constant in the following.
Topological invariant -The Hamiltonian Eq. (6) has two eigenstates for both LP and UP branch: |Φ and photon pseudo spinors |a γ 1,2 . As discussed in the introduction we construct new basis states:
, which are not eigenstates, but linked by TR-symmetry instead. We define a Chern number [3, 17] as
where ε ij is the Levi-Civita symbol. Our analysis shows that the for the LP branch, the excitonic part |b γ ± of the polariton state |Φ γ ± is topologically trivial in the entire Brillouin zone, however the photonic part
has a nontrivial topology. The coefficients a which wraps the Bloch sphere twice. Although n ± is not normalized, the integer quantization of C ± and the vanishing integral Eq. (8) over the excitonic part ensures that if n ± wraps a closed surface its area is equal to the unit sphere. For all wave vectors q 0 at which a , exists. This signature for topological polaritons should be experimentally observable.
Moreover, when breaking TR-symmetry with a Zeeman field B Z , we find that the LP-eigenstates |Φ Edge states -In order to study the polariton system with boundaries we first evaluate the electron Hamiltonian Eq. (2) on a cylindrical geometry with finite ydirection and then couple the corresponding excitons to photon eigenmodes which are plane waves in x-and standing waves in y-direction [23] . The numerically obtained spectrum is shown in Fig. 2a . At each boundary we find one pair of helical edge states with energies below the LP branch. In the following we will argue that they are topologically protected. To this end we analyze the Hamiltonian (6,7) which is non-analytic at the Γ-point. The occurring phase-ambiguity has to be removed by embedding Eq. (6) into a larger Hilbert space which accounts for all possible electron-hole states [23] , however, does not influence the photon sector which leaves our analysis above valid. In the extended space, the additional unphysical electron-hole pairs have either zero or negative energies, see Fig. 2b . We find that the latter carry nontrivial Chern numbers, too. Since the unphysical electron and hole states do not couple to photons, these Chern numbers result directly from the Chern numbers of the QSHI which ensure a nontrivial Z 2 index and guarantee topologically protected edge states [6, 24, 25] . Therefore, a helical edge state has to connect the polariton branch with C ± = ±2 with the electron-hole band of negative energy with opposite Chern number C ± = ∓2, cf. Fig. 2b .
Effective edge model -In a good approximation the in-gap polaritonic edge states are described by a direct coupling of excitonic edge states to photonic eigenmodes neglecting excitonic bulk states. This gives an effective coupling of exciton and photon wavefunctions localized at the boundary, respectively [23] . In lowest order perturbation theory we find
|Φ ρ qx ≈ |ψ
where ρ = {R, L} labels right and left mover,∆ ≡ω −ǫ x is the detuning between the photonω and exciton energỹ ǫ x = v F |q x |, andg the coupling strength. The excitonic and photonic edge-state wavefunctions are denoted by |ψ x ρ qx and |ψ ph ρ qx , respectively. The right (left) moving exciton carries pseudospin +(−), whereas the right and left moving photon are both p-polarized (linearly polarized with electric field parallel to the plane of incident). We find that a high photonic fraction of the polaritonic edge state relies on a relation v F c ph . Forǫ x ≪ 2|M | our perturbative results are in very good agreement with numerics as shown in Fig. 3 . Finally, the one-dimensional effective Hamiltonian (for one edge) takes the form creates right and left moving plasmons with dispersioñ ǫ q . For a Luttinger liquid the bare Fermi velocity gets renormalized [26] , so that the plasmon dispersion is still linear.
Experimental signatures -We argue that both signatures of topological polaritons (cf. Fig. 1 ) can be measured experimentally by optical techniques [14] . The presence of helical edge states in the spectrum is, for example, probed by a local excitation near the boundary with a p-polarized laser beam. Changing from p-to spolarized excitations will wipe out the polaritonic edge states and thus probes the expected polarization structure. Applying a Zeeman field allows to analyze uniquely the polarization of the bulk polaritons. Extracting experimentally this structure for one eigenmode is a direct examination of the topological invariant, see Fig. 1b . Realizing topological polaritons in a nontrivial QSHI is challenging. However, recent developments of engineering spin-orbit coupling in polaritonic systems [27] and accomplishing slow photons in photonic crystals [28] may pave the way for it.
Conclusion -We have identified two criteria for topological polaritons with time reversal symmetry. First, we predict helical polaritonic edge-states with energies below the lower polariton branch. Second, we have shown that the number of wrappings of the Bloch sphere by the polarization vector of the bulk polaritons is equivalent to a Chern number. Applying an external Zeeman field allows an experimental extraction of this topological invariant although time reversal symmetry is broken. We have demonstrated that a topologically nontrivial quantum spin Hall insulator coupled to cavity photons is a candidate for topological polaritons.
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SUPPLEMENTAL MATERIAL
First, we present the embedding of the polariton Hilbert space into a larger Hilbert space which comprises artificial electron-hole pair combinations. This procedure allows us to obtain a well behaved polariton Hamiltonian and to understand the origin of the helical edge states. Second, we evaluate analytically the polaritonic edge state wavefunction and present an effective edge state model.
Extended Polariton Hilbert Space
The polariton Hamiltonian takes the form
with exciton H x , photon H ph Hamiltonian, and coupling G. In the following we will discuss embeddings of Eq. (S.1), in particular of H x , into different Hilbert spaces.
Exciton eigenbasis
In the exciton eigenbasis of two eigenstates |b α with pseudospin α = {+, −} the exciton Hamiltonian is diagonal, H x = ǫ x 1 with exciton dispersion ǫ x . Thus, the topological nature of the polariton is fully encoded in the coupling G, (see main manuscript). However, the noncontinuity of the electron (exciton) wavefunctions over the entire Brillouin zone leads to an ill-defined phase of the coupling at the Γ-point (or the other time reversal invariant momenta), which calls for a careful analysis.
Embedding of the exciton space
We shortly remind that the QSHI Hamiltonian [6] in an ordered basis set
where
pseudospin α = {+, −}, two-dimensional wavevector k and spin-orbit field d. Since optical transitions do not change the pseudospin, the exciton Hamiltonian is block diagonal, and the exciton Hilbert space H x separates into two degenerate subspaces,
, related by time reversal (TR) symmetry. In order to study the topology of each one-dimensional exciton subspace we have to embed it into a larger Hilbert space, e.g. a four dimensional space spanned by the tensor product of QSHI basis states: {|α1/2 h ⊗ |α1/2 e , |α1/2 h ⊗ |α3/2 e ,
* because of TR-symmetry. The Hamiltonian Eq. (S.3) describes an exciton state with energy ǫ x ( q) = 2| d( q/2)|, and three unphysical pairs with holes in the conduction band and/or electrons in the valence band. The four bands of Eq. (S.3) have Chern numbers which result from the combinations of adding or subtracting the nontrivial QSHI Chern numbers of conduction and valence band. We extract as Chern number C ± = ±2 for the exciton and C ± = ∓2 for the artificial hole-electron pair with negative energy −ǫ x . The two bands with zero energy carry vanishing Chern numbers.
Embedding of the polariton space
The polariton Hamiltonian Eq. (S.1) embedded into the enlarged exciton space takes the form
with exciton Hamiltonian given in Eq. (S.3), photon Hamiltonian H ph = ω 1, and coupling
where g 0 is a coupling constant,d = d/| d| the normalized spin orbit field, andd ⊥ e ±iϕ ≡d ± . TR-symmetry demands that G − ( q) = −G * + (− q)σ x . We emphasize that Eq. (S.5) is continuously defined over the entire Brillouin zone for a topologically nontrivial QSHI, and couples only the (physical) exciton states to photons. Our analysis (see main paper) shows that the polariton branches inherit the non-vanishing Chern numbers C ± = ±2 from the excitonic part, while the bands of artificial holeelectron pairs with negative energy remain untouched.
Polariton system on a cylindrical geometry In the following we will discuss the polariton system on a cylindrical geometry with periodic boundary conditions in x-direction and boundaries in y-direction. As a first step we evaluate the QSHI Hamiltonian on a cylindrical geometry by numerical diagonalization of the lattice Hamiltonian of Eq. (S.2). Since k x is a good quantum number, the eigenfunctions are plane waves in xdirection, and it is sufficiently to set Eq. (S.2) on a lattice in y-direction. For a system of size L = aN with N lattice sites and fixed pseudospin α, we find l = 1, . . . , N conduction and valence band eigenstates, respectively. This gives a basis set for electrons |ψ e α kxl and holes |ψ h α kxl . For a topologically nontrivial QSHI the state with l = 1 is an edge state localized at the boundary and clearly distinguishable from the other bulk states. From now on we will label any edge state by a tilde.
As long as momentum is a good quantum number a qualitatively good approximation for an exciton with wavevector q is given by the direct product of hole and electron wavefunction with same wavevector k = q/2: |ψ 
For sufficiently large systems we can approximate the bulk wavefunctions in the presence of a boundary by projecting the excitonic eigenstates with periodic boundary conditions onto the electron-hole basis states with boundaries, namely
Above, the exciton state |ψ x α q is the plane wave solution with wavevector q y = 2k y = 2(2π/L)n, and the quantum number n runs from n = 0, . . . , N/2 for the plus sign and from n = 1, . . . , N/2 − 1 for the minus sign in c n ll ′ . A few comments are appropriate: i) The electron-hole Hilbert space is different for hard wall and periodic boundary conditions, so that Eq. (S.7) is the identity in the former and a projector in the latter space. ii) In the presence of edge states we replace the n = 0 state by the edge state wavefunction Eq. (S.6), i.e. c 
iv) We note, that the expansion Eq. (S.8) is somewhat analogous of expanding sine and cosine waves (free particles) in standing waves (particles in a box). v) In the limit of infinite system size wavefunction Eq. (S.8) and its spectrum agree with the solutions for periodic boundary conditions. The photonic eigenmodes are The obtained polariton Hamiltonian takes the form of Eq. (S.1) with exciton and photon energy given in Eq. (S.9) and Eq. (S.11), respectively, and coupling given in Eq. (S.12). By numerical diagonalization we find pairs of polaritonic edge states lying energetically below the lower polariton branch.
Polaritonic edge states
Electronic edge states and coupling to cavity eigenmodes A numerical diagonalization of the QSHI Hamiltonian on a cylindrical geometry reveals pairs of helical edge states at each boundary. Replacing k y → −i∂ y in Eq. (S.2) allows us to calculate analytically the edgestate wavefunction for hard wall boundary conditions at y = {0, L}, see Ref. [2, 29, 30] . For the wavefunctions localized at y = 0 we find Using the approximation Eq. (S.6) for the excitonic edge state we evaluate the coupling Eq. (S.12) and find that only p-polarized light (linearly polarized light with electric field parallel to the plane of incident) couples g
